All group actions considered are differentiable and the group G is always the circle group. An action is pseudofree if it is not free and if every isotropy group is finite and different from the identity only on isolated orbits. For example, for any positive integers qO,... ,qn, not all 1 and relatively prime to one another, the orthogonal action of G on S2fl+1 given by g(ZO,. .,Z.) = (g,, ZOO ... 7gqn Zn) is pseudo-free. Notice that if qf > 1, then the orbit |zil = 1 is an exceptional orbit. Since these are the only exceptional orbits in S2n+1, the number of exceptional orbits is equal to the number of qi's, which is >1.
Thus an orthogonal pseudo-free action on S2n+1 can have at most n + 1 exceptional orbits. It is natural to ask if this is true for differentiable actions in general. It will be seen below that the answer is negative and that there can be any finite number of exceptions when G acts on homotopy seven spheres, which is the case considered here. The main result of this paper, in fact, is to give a classification of pseudo-free actions on homotopy seven spheres and the result just mentioned is a corollary. The classification is up to orientation preserving equivariant diffeomorphism (called (+)-equivalence). For work on free and other actions of the circle group, see the references in the Bibliography.
Roughly speaking, the procedure used is divided into three steps. First, any homotopy 7-sphere on which there is a pseudo-free circle action is decomposed into finitely many standard pieces. Second, those standard pieces are studied and classified. Third, it is determined when a pseudo-free circle action can be constructed from a collection of standard pieces. Let In the sense below, F is a free G-manifold, W1, ... ,Wk are prime G-manifolds, and M is a composite G-manifold. Let X be an oriented compact 7-manifold that is diffeomorphic to S3 X D4, and on which there is a circle action. If the action is free, X is called afree G-manifold. If the action is pseudo-free, X is called a prime Gmanifold or a composite G-manifold according as there is exactly one, or at least one, exceptional orbit. If X' is one of F, M, W1,. . . ,Wk we had earlier, it is easily shown that X' and 6X' are simply connected and X' has the integral homology of S3. Therefore it follows from Smale's theorem that X' is diffeomorphic to S3 X D4. This proves the statement made at the beginning of the paragraph.
Summarizing what we have above: (A) Given any homotopy 7-sphere z on which there is a pseudo-free circle action, there is a decomposition
where F is a free G-manifold, W1, .. . ,Wk are prime Gmanifolds, and M is a composite G-manifold such that 6F = aM, M = WIU ... U Wk, and for any ij = l,...,kWin =ffor any i-il > landwinw = awinjwj. Now we are in a position to classify free G-manifolds, prime G-manifolds, and composite G-manifolds. For free G-manifolds, we have (B) Up to a (+)-equivalence, there are only two distinct free G-manifolds, of which one is S3 X D4 (with the natural orientation), on which the circle action is given by 9(U1,U2;V1,V2) = (9U1,9U2;V1,V2)X and the other is S3 X D4, on which the circle action is given by g(u1,u2;v1,v2) = (9u1,9U2;9V1,V2).
For prime G-manifolds, we have (C) Every prime G-manifold, up to a (+)-equivalence, can be constructed as follows. Let q, ri, r2, r3 be integers such that q > 1, (q,rlr2r3) = 1. 9(Z;Zi,Z2,Z8) = (9g z;9lzi,gs Z2,gr Z3 ).
Let G act on SI X (D2 X D4) such that g(z;u;vl,v2) = (gZ;U;V,,V2).
Then there is an equivariant imbedding f:S' X (S1 X D4) 'S X S5 which is equivariantly regularly homotopic to the equivariant immersion h given by h(Z;u;vl,,V) = (Zq u;zrl/pzr2 ,/p Zr V2/p) with p = (1 + Iv,12 + Iv212)l/2. Let W(q;rl,r2,r3) = S1 X (D2 X D4) U ,Sl X D6, ql;rll,rl2,r,3) ,. . .,W(qk;? klrk2, rk3)} .
Let M be a composite G-manifold. Using Barden's theorem, it is easily seen that there is a free G-manifold F such that there is a (-)-equivalence (i.e., orientationreversing equivariant diffeomorphism) f: 6F -6M.
By (B), such a free G-manifold F is unique up to a (+)-equivalence. For any (-)-equivalence f: F Om, we have an oriented closed 7-manifold FUM on which there is a pseudo-free circle action, where the orientation on F UM agrees with that on each of F and M, and the pseudo-free circle action on F U fill is obtained by combining the circle actions on F and M. However, there may not exist a (-)-equivalence f aF -a 6M such that F U fM is a homotopy 7-sphere. (1971) provides us many pseudo-free circle actions on homotopy 7-spheres with k exceptional orbits for any preassigned positive integer k.
By (F), we can also obtain pseudo-free circle actions on homotopy 7-spheres that have only one exceptional orbit but are distinct from orthogonal actions. For example, one such action may be obtained by attaching a free G-manifold to W(7; 1, 3, 5) .
Suppose that a composite G-manifold M and a free G-manifold F are given such that there exists a (-)- 
